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Motivation

@ In this talk we present some robust estimation methods for volatility of (log-)
price processes. The correct specification/estimation of the volatility is crucial
for various fields in finance such as

(i) Option pricing
(i) Volatility forecasting
(iii) Risk measurement and management
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Motivation

@ In this talk we present some robust estimation methods for volatility of (log-)
price processes. The correct specification/estimation of the volatility is crucial
for various fields in finance such as

(i) Option pricing
(i) Volatility forecasting
(iii) Risk measurement and management

o Example (Black-Scholes Model): Consider the classical Black-Scholes model for
log-prices:
Xt = at + O'Wt y
observed over a fixed time interval [0, 1]. The canonical estimator of the

(constant) volatility o is called realized variance and is defined as

N
2
RV"’zZ(Xﬁ—X%) Poo? as N — .
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Motivation

@ In the recent literature we are dealing with more involved continuous models
that are of the form

t t
X: = Xo —|—/ asds —|—/ osdWs |
0 0

where ag is a drift process, o is a volatility process and W; is a Brownian
motion. We assume that X; is observed at time points t; = i/N with
i=0,...,N.
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Motivation

@ In the recent literature we are dealing with more involved continuous models
that are of the form

t t
X: = Xo —|—/ asds —|—/ osdWs |
0 0

where ag is a drift process, o is a volatility process and W; is a Brownian
motion. We assume that X; is observed at time points t; = i/N with
i=0,...,N.

@ The object of interest is now the so called integrated variance

1
/V:/ o2ds
0

that constitutes an analogue of the constant volatility in the Black-Scholes
model. The realized variance is still a consistent estimator of /V:

RVN 2, v as N — oo.
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Motivation

Jump and Outliers

Brownian motion with jump and outlier
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Jump and Outliers

Outliers: AAPL trade price, 11 October 2007
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Jump and Outliers

Jumps: PFE

PFE
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Jump and Outliers

Jumps or burst of volatility?
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Review

Review: Realised Variance

@ As mentioned before the canonical estimator of /V in (continuous) diffusion
models is the realised variance

N
RVV=STIANXIE . AFX =X, — Xoa.
i=1
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Review

Review: Realised Variance

@ As mentioned before the canonical estimator of /V in (continuous) diffusion
models is the realised variance

N
N _ Ny |2 Ny _ v v
@ RV" is consistent, i.e.
1
RVNL,/V:/ o2ds  as N — oo
0

The associated central limit theorem is given by

VN(RVN — V) -4 N(0,21Q)  as N — oo,

1
IQ:/ odds.
0
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Review

Review: Jump-Di usion Models
@ In practice it is more appropriate to consider jump-diffusion models of the form

N

t t
xt:x0+/ asds—i—/ades—f—ZJk, teo,1],
0 0 k=1

where N, is a counting process and (Jx)k=1 are jump sizes.
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Review

Review: Jump-Di usion Models
@ In practice it is more appropriate to consider jump-diffusion models of the form

N

t t
xt:x0+/ asds—i—/ades—f—ZJk, teo,1],
0 0 k=1

where N, is a counting process and (Jx)k=1 are jump sizes.
@ In this model it holds that (as N — o)

1 Ny
RV’Vi»/ oZds + > | Jf%.
0 k=1
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Review

Review: Jump-Di usion Models
@ In practice it is more appropriate to consider jump-diffusion models of the form

N

t t
xt:x0+/ asds—i—/ades—f—ZJk, teo,1],
0 0 k=1

where N, is a counting process and (Jx)k=1 are jump sizes.
@ In this model it holds that (as N — o)

1 Ny
RV’Vi»/ oZds + > | Jf%.
0 k=1

@ For many applications it is important to separate the diffusive part from the
jump part
(i) Risk measurement and management
(ii) Forecasting volatility
(i) Valuation of derivatives
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Review

Review: Bipower Variation

@ To solve this problem Barndorff-Nielsen and Shephard (2004) proposed to use
the bipower statistic

BV = M122|ANX||A,+1 |
i=1
where p1 = E|N(0,1)| = \/2/7. This estimator is robust to jumps, i.e.
1
BVN £, /V:/ olds
0

however, BV is not robust to outliers.
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Review

Review: Bipower Variation

@ To solve this problem Barndorff-Nielsen and Shephard (2004) proposed to use
the bipower statistic

BV —M122|ANX||A,+1|
i=1

where p1 = E|N(0,1)| = \/2/7. This estimator is robust to jumps, i.e.
1
BVN £, /V:/ olds
0
however, BV is not robust to outliers.
@ When there are no jumps in the price process we have the central limit theorem
VN(BVN = 1IV) -L N(0, vIQ)

with v &~ 2.6. In fact, the central limit theorem is not robust to jumps. Notice
that BV is less efficient than RVN.
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Quantile-Based Estimation in Di [usion Models

Quantile-Based Estimation

@ Our aim is to construct an estimator of /V that is robust to jumps and outliers
in the price process.
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Quantile-Based Estimation in Di [usion Models

Quantile-Based Estimation

@ Our aim is to construct an estimator of /V that is robust to jumps and outliers
in the price process.

@ At the same time we want to obtain a highly efficient estimator, i.e. the
asymptotic variance should be close to 2/Q.
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Quantile-Based Estimation in Di [usion Models

Quantile-Based Estimation

@ Our aim is to construct an estimator of /V that is robust to jumps and outliers
in the price process.

@ At the same time we want to obtain a highly efficient estimator, i.e. the
asymptotic variance should be close to 2/Q.

@ Our main idea is to order the returns within small intervals. The largest returns
will be excluded when estimating /V/, because those are possibly jumps or
outliers. This approach is somewhat related to the classical trimmed mean.
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Quantile-Based Estimation in Di [usion Models

Construction

@ The basic idea of our new quantile-based estimator is the following:

Choose a block size m > 1. Usually m is between 5 and 20.
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Quantile-Based Estimation in Di [usion Models

Construction

@ The basic idea of our new quantile-based estimator is the following:
Choose a block size m > 1. Usually m is between 5 and 20.

@ Recall that N is the total number of observations. Set

D,-’":(AQ’X) . i=1,... N—m+1.

isk=i+m—1
For x = (x1, ..., Xm) we define
8k(x) = X -

where x(i) is the k-th largest value among xq, ..., Xm.
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Quantile-Based Estimation in Di [usion Models

Construction

@ Define the realised (symmetric) squared A-quantile on the ith subinterval by
qi(ma )‘) = g)z\m(\/NDlm) + grzn—)\m+l(\/NDim)

for A € (1/2,1).
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Quantile-Based Estimation in Di [usion Models

Construction

@ Define the realised (symmetric) squared A-quantile on the ith subinterval by
qi(ma )‘) = g)z\m(\/NDlm) + grzn—)\m+l(\/NDim)

for A € (1/2,1).
@ Our new estimator, QRV/, is given as

QRViy(m, \) = ;Niﬂm Ne (1/2,1)
N ’ - N—m+1 =1 Vl(m,)\) ’ 1),

where
ve(m, A) = E[(|Upm|* + [Umn—nm+1)[%)']

with (Ur, ..., Un) ~ N(O, ).
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Quantile-Based Estimation in Di [usion Models

Asymptotic Results

Theorem: Assume that X is a jump-diffusion price process. When m is fixed and
N — oo

1
QRVn(m, \) 25 IV = / olds
0
for any A € (1/2,1). In particular, QRVjy(m, A) is robust to jumps and outliers.
Next, we define QRV based on multiple quantiles. For A = (M, ..., M) and

positive weights Zj;l aj = 1 define the statistic

k
QRVn(m, X, ) = ajQRVi(m, \))

Jj=1
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Quantile-Based Estimation in Di [usion Models

Asymptotic Results: Multiple Quantiles

Theorem: When m is fixed and N — oo
~ 1
QRVn(m, X, a) 25 IV = / o2ds
0
Moreover, it holds that

VN(QRVn(m, X, a) — IV) =% N(0,0(m, X, 2)IQ)

with (m, X, a) = a'®(m, X)a for some known matrix ©(m, \).

= O (m\)(,...,1)Y
(1,...,1)07(m N)(1,...,1)"

In particular, the central limit theorem is robust to jumps and outliers.
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Quantile-Based Estimation in Di [usion Models

The E ciency of QRV

blocked QRV QRV
A \ m 20 40 100 20 40 100 o0
Panel A: single quantile
0.80 424 429 431 354 373 392 4.32
0.85 356 358 359 3.02 314 327 3.60
0.90 3.10 3.14 315 267 275 286 3.16
0.95 2.88 299 3.07 252 262 275 3.13
0.98 - - 3.58 - - 3.16 3.88

Panel B: multiple quantiles with optimal weights oy
0.80 — 0.95 240 241 242 227 229 232 2.42
0.80 — 0.98 - - 2.19 - - 2.13 2.19

Panel C: multiple quantiles with asymptotically optimal weights (.,
0.80 - 0.95 241 241 242 231 232 233 2.42
0.80 — 0.98 - - 2.19 - - 2.14 2.19
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Simulations and Empirical Results

Simulation Study

@ To assess the QRV's ability to measure IV we simulate BM, Heston's SV,
Ait-Sahalia (1996) SEV-ND and SV2F-LEV model.
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Simulations and Empirical Results

Simulation Study

@ To assess the QRV's ability to measure IV we simulate BM, Heston's SV,
Ait-Sahalia (1996) SEV-ND and SV2F-LEV model.

@ To assess the QRV'’s robustness to jumps, we simulate BMJ model with fixed
number n; of Gaussian jumps at random points with with a combined jump
variation v; measured as a fraction of diffusive variation.
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Simulations and Empirical Results

Simulation Study

@ To assess the QRV's ability to measure IV we simulate BM, Heston's SV,
Ait-Sahalia (1996) SEV-ND and SV2F-LEV model.

@ To assess the QRV'’s robustness to jumps, we simulate BMJ model with fixed
number n; of Gaussian jumps at random points with with a combined jump
variation v; measured as a fraction of diffusive variation.

@ We set N = 1000, and implement QRV with A = {0.8,0.85;0.90;0.95} and
m = 20,100, 1000. Simulation results are based on 100,000 replications, and
for comparison include RV and BPV.
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Simulations and Empirical Results

Simulation Study

@ To assess the QRV's ability to measure IV we simulate BM, Heston's SV,
Ait-Sahalia (1996) SEV-ND and SV2F-LEV model.

@ To assess the QRV'’s robustness to jumps, we simulate BMJ model with fixed
number n; of Gaussian jumps at random points with with a combined jump
variation v; measured as a fraction of diffusive variation.

@ We set N = 1000, and implement QRV with A = {0.8,0.85;0.90;0.95} and
m = 20,100, 1000. Simulation results are based on 100,000 replications, and
for comparison include RV and BPV.

@ We use the bias measure E(7\7//V) (= 1) and the efficiency measure

var(VN(IV = IV) /V/1Q) (> 2).
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Simulations and Empirical Results

Performance of QRV with Stochastic Volatility, Jumps and
Outliers

Bias measure E(I/\7/IV):

QRV with A\ = {0.8,0.85;0.90; 0.95}

model m=20 m=40 m = 100 RV BPV
BM 1.00 1.00 1.00 1.00 1.00
SV 1.00 0.99 0.98 1.00 1.00
SEV-ND 1.00 0.99 0.98 1.00 1.00
SV2F-LEV 1.00 0.99 0.98 1.00 1.00
BMJ(n, =1,v,=1%)  1.00 1.00 1.00 1.25 1.03
BMJ(ny=5,v,=1)  1.02 1.02 1.02 1.25 1.06
BMJ(ny=5,v,=1%)  1.03 1.02 1.02 1.50 1.09
BM-Outlier 1.01 1.01 1.01 1.25 1.21
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Simulations and Empirical Results

Performance of QRV with Stochastic Volatility, Jumps and
Outliers

Efficiency measure var(\/N(TV — IV)/VIQ):

QRV with A\ = {0.8,0.85; 0.90; 0.95}

model m=20 m=40 m = 100 RV BPV
BM 233 2.38 2.49 2.00 26
sv 2.37 251 3.28 2.01 2.61
SEV-ND 2.33 2.46 3.29 2.00 2.61
SV2F-LEV 2.34 251 352 1.99 259
BMI(ny=1,v,=1) 236 2.40 251 127.74 3.66
BMI(ny =5.v, = 1) 277 2.49 259 27.87 3.80
BMJ(n, =5, v, = %) 3.81 252 259 104.66 5.24
BM-Outlier 2.38 2.42 253 127.22 89.24
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Simulations and Empirical Results

Empirical lllustration: Clean High-Frequency Data
1 minute NBBO mid-quotes originating from the NYSE and NASDAQ
Sample quotes from 9:45 to 16:00 for 336 days between May 2006 and August 2007

acf of 1 minute mid-quote returns histogram of 1 minute mid-quote retur

01'.._-________-__‘

-0.06|

-0.08|-

-0.1F

-0.12f

Mark Podolskij, ETH Ziirich [2.0 ex] joint work with Kim Christensen and Roel Oomen

Quantile-based estimation of integrated variance



Simulations and Empirical Results

Empirical lllustration: Clean High-Frequency Data

QRV (vert) versus RV (horz)
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@ Average variance estimate 0.068 for RV and 0.058 for QRV so again 15% of

total variation due to jumps.

@ Broadly in line with the literature.
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Simulations and Empirical Results

Summary

@ QRV calculated as symmetric squared return quantile, averaged over n
sub-intervals and k quantiles
@ required scaling factors obtained by numerical integration or simulation
@ user has discretion over which quantiles to use
(which quantiles do you “trust”? incorporate prior belief regarding magnitude of
jump ...)

Mark Podolskij, ETH Ziirich [2.0 ex] joint work with Kim Christensen and Roel Oomen

based estimation of integrated variance
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Summary

@ QRV calculated as symmetric squared return quantile, averaged over n
sub-intervals and k quantiles

@ required scaling factors obtained by numerical integration or simulation

@ user has discretion over which quantiles to use
(which quantiles do you “trust”? incorporate prior belief regarding magnitude of
jump ...)

@ Excellent robustness to jumps and outliers
@ small bias that is, beyond some point, invariant to jump size
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Summary

@ QRV calculated as symmetric squared return quantile, averaged over n
sub-intervals and k quantiles

@ required scaling factors obtained by numerical integration or simulation

@ user has discretion over which quantiles to use
(which quantiles do you “trust”? incorporate prior belief regarding magnitude of
jump ...)

@ Excellent robustness to jumps and outliers
@ small bias that is, beyond some point, invariant to jump size

@ Excellent efficiency properties
o with only a few quantiles, efficiency of QRV approximates that of RV
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Simulations and Empirical Results

Summary

@ QRV calculated as symmetric squared return quantile, averaged over n
sub-intervals and k quantiles

@ required scaling factors obtained by numerical integration or simulation

@ user has discretion over which quantiles to use
(which quantiles do you “trust”? incorporate prior belief regarding magnitude of
jump ...)

@ Excellent robustness to jumps and outliers
@ small bias that is, beyond some point, invariant to jump size

@ Excellent efficiency properties
o with only a few quantiles, efficiency of QRV approximates that of RV

@ QRV valid under weak assumptions on price process
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Simulations and Empirical Results

Thank you!
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