Economic Theory of Financial Markets

Leonhard Vogt Fabian Uffer

August 14, 2009

Abstract

These are our notes from a lecture by Dr. Mario Wiithrich in spring 2009.






Contents

1 Utility Theory
1.1 Expected Utility and Risk Aversion. . . . . . .. ... ... ...
1.2 Indifference Price . . . . . . . . . .. ... ... ... ...

1.3 Risk Exchange Economy . . . . .. ... .. ... ... ....

2 Mean—Variance Analysis
2.1 The Markovitz Model . . . . . .. ... ... ... ... ...,
2.2 Preliminaries . . . . . .. ... .o
2.3 Optimization . . . . . . ...
2.4 Mean—Variance Analysis without risk free assets . . . ... ...
2.5 Mean—Variance Analysis with risk free assets . . . . . ... ...

2.6 Capital Asset Pricing Model . . . . . . ... ... ... ......

3 Arbitrage Pricing Theory (APT)
3.1 Exact APT, no ideosyncraticrisk . . . . . . ... ... ... ...

3.2 IdeosyncracticRisk . . . . .. ... ... oo

4 Multiperiod Models
4.1 Deterministic Cashflows and Arbitrage . . . . . . ... ... ...
4.2 Term Structures in Discrete Time . . . . . . . . . ... ... ...
4.3 Duration. . . . . . . .
4.4 Stochastic Cashflow in Discrete Time . . . . . . . ... ... ...
4.4.1 Market Consistent Valuation at Time Zero . . .. .. ..
4.4.2 Understanding Deflators . . . . . . . ... ... ... ...

4.4.3 Pricing at Positive Time . . . . . . . ... ... ... ...



4.4.4 Equivalent Martingale Measure
4.4.5 Market Price of Risk . . . . . .

4.4.6 Vasicek Model in Discrete Time



1 Utility Theory

1.1 Expected Utility and Risk Aversion

Let (Q,F, P) a probability space and X C {X : Q — R} possible choices of an
economic agent, represented by random variables X.

Definition 1.1. A preference order on X is a relation > with the following
properties:

1. (Completeness): For all X, Y € X we have X =Y or Y = X.
2. (Transitivity): For all X, Y, Z € X wehave X = Y)Y = Z7 = X = Z.

Remark. If X > Y and Y = X we note X ~ Y. The economic agent is
indifferent between X and Y.

Definition 1.2. A numerical representation for a preference order > on X is a
function U : X — R such that U(X) > U(Y) if and only if X > Y.

Remark. A numerical representation is not unique.

Remark. Necessary and sufficient conditions on > for the existence of a nu-
merical representation can be found in Theorem 2.6 of [FS04].

Let I C R an interval such that P(X € I) =1 for all X € X. For a given map
u : I — R a numerical representation U can be constructed by

U(X) = E[u(X)] = / w(@)px (dz) (1)

I
with px (B) = P(X € B), the distribution of X

Definition 1.3. A numerical representation of the form (1) is called von Neumann—
Morgenstern utility. If u is strictly increasing then w is called wutility function.

Remark. In the two period model X represents the payout at time 1. The
utility U(X) = E[u(X)] can be interpreted as the average happyness with the
choice X at time 1.

Lemma 1.4. Any positive linear transformation v of the utility function u
generates the same preference order.

v(z) =a+bu(x), a,beR,b>0

Proof. Exercise. O

Assumption 1.5. We will always assume X C LY(Q, F, P) i.e. E[X] < oo for
all X € X.



Definition 1.6. Assume the financial agent has utility function u. The financial
agent is called risk averse if u(E[X]) > E[u(X)], risk neutral if w(E[X]) =
E[u(X)] and risk seeking if u(E[X]) < E[u(X)].

Lemma 1.7. If a financial agent has strictly concave utility function u, then
he is risk averse.

Proof. Jensens inequality. O

Remark. If X is not deterministic and u is strictly concave then E[u(X)] <

Assumption 1.8.

o Assume u is three times differentiable on I, v € C3

e Assume risk averse utility functions are strictly concave. u/(z) > 0,
u’(z) < 0.

Example.

o Fxponential utility

with I =R and o > 0
(Actuaries choice)

o Power utility

=@ =1) fora#1
u(w) = { log(z) for a =1

with I = R4 and a > 0
(Economists choice)

Definition 1.9. The absolute risk aversion is given by

u/l(m)
pARA(T) = — e
The relative risk aversion is given by
u”’(x
PRRA(Z) = — (z)

Remark. Risk averse financial agents have pagra(z) > 0 and prra(z) > 0.

Example.

e The exponential utility satisfies paga () = a.

e The power utility satisfies prra () = a.



1.2 Indifference Price

Assume a financial agent with utility function u and initial wealth w € R.

Definition 1.10. Let X € X. The certainty egivalent for (X, u,w) is given by
the number z € R satisfying

u(w + ) = Efu(w + X)]
or equivalently, using preference order notation
wHzr~w+X

Remark. The certainty equivalent z is a function of X, v and w. =z =
(X, u,w).

Lemma 1.11. If u is risk averse then E[X] > x.

Proof.

u(w + )

Elu(w + X)]
u(E[w + X)]
u(w + E[X])

IN

and since u is increasing

w+z < w4+ E[X]
z < E[X]

O

Definition 1.12. A financial agent 1 with utility function wu; is called more
risk averse than agent 2 with utility function wugy if

up ! (Blur (X)]) < ug ' (Blua (X))
for all X € X.
For the following we will identify the set X of random variables with the set X’ of
their probability distributions: X’ = {ux(B) = P(X € B) : X € X} ¢ M1(I)

Assumption 1.13. X C M;(I) is convex and contains all point measures §,
fory e I.

For instance if y € I, z € I then %(521 + %(L e X.

Proposition 1.14. The following statements are equivalent:

1. Agent 1 is more risk averse than agent 2.



2. piiha(y) = pia(y) for all y € 1.

3. There is a strictly increasing concave function v such that u; (y) = v(uz(y))
for all y € I.

Proof.
Statement (2) implies statement (3):

Let z = uy ! and define v = u; ouy ' we will show that v satisfies the conditions
from statement (3).

Clearly v(usa(y)) = u1(U51(U2 (y))) = u1(y).

. . . . . . -1 . . . . .
Since ug is strictly increasing, so is u, = , and since u; is also strictly increasing,
so is their composition v.

In order to proof concavity we look at the second derivative of v.

z note: 2/ = —

’LL/ (Z) 1 2
= (u’;(z))Q (_PE\%A + pl(Al){A> <0
——
>0 <0

by assumption of statement (2), thus proving concavity of v.
Statement (3) implies statement (2):

The function v given by statement (3) is assumed concave thus v” < 0. The
identity

Ul (Z) 1 2
v = (U';(W (*P,(u)m + PEU)%A)

—
>0

proven above holds. Thus we have pgl)% A pfl)% A~

An equivalent formulation of statement (1):



Agent 1 is more risk averse than agent 2

& up H(Blug (X)]) < ugy H(Euz (X)) forall X e X
& Elu1 (X)] < u(usy ' (Eluza (X)) forall X e X
=3 Elu1(X)] < v(Elua(X)] forall X e X

Statement (3) implies statement (1):

Applying Jensens inequality on the convex function (—v):
E[—v(us(X))] = —v(E[uz(X)])
the equivalent formulation of (1) is proven.

Eluy (X)] = Efo(uz(X))] < v(E[uz(X)]).

Satement (1) implies statement (2):

We will proceed by a proof by contradiction. Assume (2) is false. There exists

y € I such that pgﬁ Aly) < pg%, A(y). Since these functions are continuous there

exists an open neighbourhood § C I of y such that pgll)aA(t) < pgf){A (t) for all
ted.

Then v is strictly convex on 6.

Choose a distribution g € X with support € which is not concentrated in a
single point. Let Y ~ u. By Jensens inequality

contradicting (1). O

Corollary 1.15. If pgr){ A pfr){ A then the certainity equivalents of the agents
satisfy z(X, u1, w) < 2(X, ug, w).

“The more risk averse an agent is, the less he will pay for risk X.”

Proof. In the corollary we assume statement (2) of the proposition.
Let 1 = (X, u1,w), xo = (X, ug, w).

Using statement (1) we have

up (Blur (X +w)]) < uy ' (Bluz(X +w)))

T+ w < a0t w



Definition 1.16. Assume a financial agent with utility « and wealth w > 0.
The indifference price for risk X € X is the solution II = II(X,u,w) of the
equation

u(w) = Elu(w + 11 — X)]. (2)
Remark. The certainty equivalent of I — X is zero.
Definition 1.17. The risk premium II, is given by II, = IT — E[X].

Lemma 1.18. If v is risk averse then II, > 0.

Proof. The claim follows directly from Jensens inequality:
w(w) = Elu(w +1I — X)] < u(BElw+1II - X]) = w(w +I1,.)

since w is strictly increasing this implies 0 < IT,.. O

Theorem 1.19. If u is risk averse (i.e. concave) then the following statements
are equivalent:

1. II, does not depend on w.

2. There are A, B,a € R, A > 0, > 0 such that u(z) = —Ae ** + B.

Remark. This theorem illustrates the weakness of exponential utility from the
economists point of view: Intuitively the premium II ought to decrease with
increasing wealth w.

Proof. Assume statement (2). The definition of II states
u(w) = E[lu(w + 1T — X))
I
= E[—Ae‘awe_a(H_X) + B}
_ _Ae—(xwe—ozl_l E|:e—a(—X):| +B
1=¢ o E{e*a(*x)]
e(XH — E[eaX]
1
II = — log(E[e**
L iog(E[e"¥))

I, = élog(E [e**]) — E[X]

Thus prooving that I, does not depend on w.
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Assume now, that II, does not depend on w. Thus 3—3 = 0. If we derive equation
(2) with respect to w we obtain

d d
@u(w) =3 Efu(w + 11 — X)]

, , dIl
v (w) =E |v(w+1 - X) 1—|—d— (3)

F

=0

=E[u (w+1 - X)]

This shows that II is also the indifference price for the utility function v = —u/.

w=v"  (E(w+ 1 - X)])
w=u" Y (Blu(w + 11 - X)])

Thus v and v have the same risk aversion or more precicely: u is more risk
averse than v and v is more risk averse than u. By proposition 1.14

()

Para(T) = PX%A(SU) forallz € I
_u//(x) _ _’Ull(l‘) _ _u’”(m)
u/(x) v () u(x)

Now we observe the derivation of pgul% Al

d A () o () (z) — (v (2))?
dx

Thus pf&){ A heeds to be constant. Let o denote its value.

pX?{A(x) = forallz e T
"
')
' (x)

u'(x) —au'(x) =0
The solution to this differential equation has the exponential form claimed. [

Theorem 1.20. Assume u is risk-averse. The following statements are equiv-
alent:

1. The Risk Premium II, is decreasing in w.

11



2. para(z) is decreasing in x.

Example. The power utility satisfies statement (2):

1

pARA(Z) =ax™" with a>0

Proof. As in equation (3) we have
W/ (w) = Bl (1w + T = X)] (1 + 0 (w))
therefore we have the following sequence of equivalences:

I'(w) <0< u'(w) <E[W(w+11- X))
< v(w) > Ejv(w + 11— X))
< (X, w,v) > (X, w,u)
< Agent v is more risk averse than agent .

_u/ll(m) B _U”(SU) U//(x)

u'(z) () T (@)

& plaal@) = pl \ (z)

From proposition 1.14 we have

diprRA(z) = pARA(Z’) <u”’(£lf) _ U”(x)) 0
u"(x) _ u(x)
u”(x) U’(:c)

& '(w) <0

=

<

1.3 Risk Exchange Economy

Assumption 1.21. Assume a finite probability space |Q2] < oo and let X' be

the set of all F—adapted positive random variables on (2, F, P).

Assumption 1.22. Assume we have N financial agents and each holds a posi-

tion which causes a payoff ¥; € X at time 1. (i € {1,...,N})

The market capitalization at time 1 is given by Z =} Y;.

Assumption 1.23. Assume there is a financial pricing kernel ¢ € X with
E[p] = 1 such that the price of X € X at time 0 is given by II(X) = E[pX]

Remark. In economic literature ¢ is called the state price density, in financial
literature ¢ is called financial pricing kernel and in actuarial literature ¢ is called

state—price deflator.

12



Each agent is characterized by a utility function u;, and he can be achieved by
trading any X; € &.

Agent i chooses his portfolio according to
max E i Xz
X, ex i (X))

with constraint
I(X;) = I(Y3)

Proposition 1.24. (First Order Conditions) The optimal asset allocation for
agent i is given by u;(X;) = A\;p for some A; > 0.

Proof. The Lagrangian for this optimization problem is
L = Efu;(X;)] — M(IL(X5) — II(Y3)).
Perturb X; by some ¢X with X € X and € > 0:
L(e) = Eluy(X; +eX)] = M(II(X; + eX) —1I(Y7)).
——
E[‘P(XZ"FEX)]
In order for X; to be optimal we have (for all X € X):

dL(e)
de

le=0 = [E[u;(X; +eX)X] — X\ E[pX]] |e=0
= E[u/(X;))X] - ME[pX] =0 VX e X

Thus u; = A\ almost surely.

——

A ey
O
Remark.
E[u;(X3)] = X Elg] = A
_u(XG)
Efu; (X3)]
Corollary 1.25. All optimal asset allocations X; are commonotonic.
Proof. All agents are risk averse. u; < 0. Therefore w} is strictly decreasing.
Xi = (uf) " (Niw)
For wy,ws in
Xi(w1) < Xi(we) € p(wr) < p(w2) © Xj(wi) < Xj(wa)
Thus X; are commonotonic. O

13



Assumption 1.26. (Economic Principle)

We have a risk-exchange economy, i.e.

N N
dYYvi=> X
=1 =1

Remark. The value

is called the market capitalization.

Theorem 1.27. All optimal asset allocations are commonotonic to Z.

Proof. X; are commonotonic, thus Z =Y. X; = f(¢). O
Example. Exponential utilities, a; > 0.
1 — ;T
ui(x) = aie

Note: we have a heterogeneous behaviour, since we may choose a; # «y for
1 # k.

uy(z) =e

— QT

1
X; = ——log(Aiy)

2

By Proposition 1.24 we have

1 1
X;=——1logA1 — —logyp

(651 a1

Ay Al
Z=— —log \; —lo —

Define the market (or collective or aggregate) risk aversion as
-1
>
o= —
o1 A1

1
K:—aza—ilog)\i

and let

then
1 1
Z=—K-——logy
@ !

0= eK—aZ

14



In fact, ¢ is chosen endogeneously. We normalize

1= E[¢]
1=ef E[e‘az]
K= —logE[eiO‘Z]
B e—aZ
7T Ele 7]
Ele *?X]
II(X) = ElpX] =
(%) = BleX] = 7
Escher Price for X, see [Biih80]
1 1 e*Z o 1 by
X, =——logh — —1 =—7Z-—1
i 8 a; ©8 Ele=*%] o a; 8 Ele=2Z]
@ 1 Ai
I(Y;) =1I(X;) = E[pX;] = — E[pZ] — —1
(¥) = (X)) = BleX] = £ BleZ] - -log g2
1 )\7, «
> - lor i = TY) — 210(2)

X; = (2 - 1(2)) + TL(Y;)

Q;

Remark. Other utility functions (such as power utility) do not allow for a
closed form solution if financial agents are heterogeneous.

15



2 Mean—Variance Analysis

Remark. Boldface letters  name vectors in R™:
x = (x1,%2,...,%,) € R".
Boldface letters  with a tilde name vectors in R™*1:

T = (T0,Z1,%2,...,&y) € R+

2.1 The Markovitz Model

)

Assume n + 1 financial assets with prices at time 0 given by 550 and prices at

time 1 given by the random variables Si(l). (i=0,...,n)

Assume a financial agent holds a portfolio a. His wealth at time 0 is given by
wo = Z aisl(-o) (deterministic)
and his wealth at time 1 by
Wi = i aiSZ(l) (random).
i=0

Definition 2.1. The return of asset ¢ is given by

We denote the proportion of asset i in the initial capital by

a;iS;
T; = .
Wo

The wealth at time 1 can then be written as
TR SPRCUR i
i=0 i=0

Note that

The goal for a financial agent is to choose an investment strategy @ such that
the expected wealth E[W] is large and its variance Var[W;] is small.

16



Assume that the financial agent is risk averse with utility function u. His asset
allocation problem can then be formulated as

maximize E[u(W;)]
subject to
ac R

n

0
E CLiSl(- ) = Wo
=0

E[Wl] = W1

with a given expected wealth w; € R.

Define the expected return by

wy
r=—-—1
wo

The above problem can then be rewritten as

maximize E {u(wo(l + i—rﬁ))]

subject to
z e R
'e=1
z' E [IN{} =r
using matrix multiplication notation and the vector e = (1,...,1).

Assumption 2.2. (Model Assumptions)
Asset 0 is a risk free asset: Rg = pg > 0 is deterministic.

The returns of the other (risky) assets follow a multivariate normal distribution
with expected returns g and a positive definite covariance matrix .

R=(Ri,....R) ~N(Xx)

The utility function is given by
u(r) = ——e
(2) =~
with a given constant a > 0.

Lemma 2.3. Under these model assumptions the random variable e=®"1 has

a log-normal distribution with parameters —awo(1 + ' ) and o?wiz ! L.

17



Proof.
RN =z R~N(x'p,xz Ye)
(not proven here)

—aW; = —awg(14+ 2" R)
= —awo(1 4 zopo + ' R)
E[-aWi] = —awo(1 + zp)

Var[—aW;] = o?wiz Sz

Corollary 2.4.

E[u(Wy)] = —é E [e_awl]

1 T 1
= —— exp(—awg(1+3 ) + jo?uie Ta)
(6%

Proof. The first identity follows directly from the definition of w.

The expected value of a lognormal distributed random variable with parameters
m and s? is given by exp(m + £5%). As in the Lemma set m = —awo (1 + z' )
and s = ?wiz Y. O

The problem can be rewritten to

T~ 1
maximize — — exp(—awo(1 + Z, 1) + §a2w8m:2m)
!
subject to

Z, € R"1!

z e=1
T, E[ﬁ} =r
or equivalently, eliminating constant terms and factors from the target function
e T
minimize x, Yx
subject to

Z, € R*H!
zle=1
7 E [ﬁ} =7

T

Definition 2.5. The above problem is called the Markowitz Problem.

It can be spelled out as “Achieve a given return » with minimal variance”.

18



2.2 Preliminaries

Definition 2.6. A matrix A is called positive definite if 7 Az > 0 for any
non-zero vector x # 0.

Proposition 2.7. A posivie definite matrix has a positive definite inverse.

Proposition 2.8. If X is a random vector with covariance matrix V' then
Cov[AX +b,CX 4 d] = AVCT

Definition 2.9. Let f : R™ — R a sufficiently smooth function. The gradient
of f at x is given by

V(z) = of _ <3f(33) 8f(m)> .

T 9x \ Oz T Oz,

Definition 2.10. The Hessian of a sufficiently smooth f is given by the matrix

B 0% f B 0% f
o= (0x)% (axiaxj>i,j:1...n

Example. Let A € R"*" and f(x) = ' Az. Then

Vi(@) = (A+ ATz
Hf(a) = (A+ A7)

2.3 Optimization
Unconstraint Unconstraint local maxima of a sufficiently smooth function
f:R™ — R are found by solving the following system:

Vf(x)=0
2z Hf(x)z <0 Vz#0

Equality constraint Maxima with equality constraints

maximize f(x)

subject to
g9(x) =a
solve the Lagrange problem
oL
—~ =0
ox
oL
=0
oA



where the Lagrange function L is defined as

Lz, \) = f(z) — Mg(x) —a)

The new variable A is called the Lagrange-factor.

The problem can be written as

Vf(x) - AVg(x) = 0
—(9(x) —a) =0

In order to have sufficient conditions for a constraint maximum, a second order
condition needs to be added.

Inequality Constraint The solution of the following problem

maximize f(x)
subject to

9(x) > a
satisfies these necessary conditions (Kuhn-Tucker-Problem):

oL
%—0
oL
oA
or
ob
(b—a)A=0, b>a

=0

where

L(z, A, 0) = f(z) — Mg(x) - b)

2.4 Mean—Variance Analysis without risk free assets

Assumption 2.11. (Model assumptions) There are n assets with returns R =

(Ry,...,Rp).
1. Let p = E[R]. p has at least one coordinate that differs from the others.
2. Let V = Cov[R]. V is positive definite.

Definition 2.12. R,(xz) =z R is the portfolio return.

Remark. The expected return is equal to E[R,(x)] = ' u. The variance of
Ry(x) is given by ="V,

20



Definition 2.13. A vector x is called an investment strategyif x"e = 1. (Recall
that e = (1,...,1).)

Definition 2.14. An investment strategy z is called efficient if there is no
investment strategy x with

E[R,(x)] > E[R,(2)] and Var[R,(x)] < Var[R,(2)]

Our goal is to find efficient investment strategies. For a given portfolio return
rp we will study the two problems

x,, = argmin x'Va (4)
z cR”
z'e=1

z'pu=r,

xz! = argmin z' Vz (5)
z c R
x'e=1

mTu >Tp

Note that in (4) we want to achieve ezactly the given return, while in (5) we
want to achieve at least the given return.

In order to simplify further calculations we will consider the equivalent problems

x,, = argmax —iz'Vz (6)
xr c R”
z'e=1

x'u=r,
z, = argmax —iz'Vz (7)

x e R"

x'e=1

x> Tp

Problem (7) has the Lagrange function
L(z, A1, X, 1) = =32 Ve —N(z'e—1) — Xo(z ' p—7)
which leads to the following necessary conditions (Kuhn-Tucker approach):

0L

e —Vx—XAe— dou=0 (8a)

aaTLl — —@Te—1)=0 (8b)

oL

N = _(wTN —-r)=0 (8¢)

g—f =X <0 (8d)
(r—rp)Aa=0 r>r) (8e)

21



First Step Solve the Lagrange problem with fixed r consisting of (8a)—(8c).

Condition (8a) implies
x=-V" e+ \p)

=-v! (e ) (f{;) ®)

Note that V! exists since we assumed V to be positive definite. Now find \;
and Ay using (8b) and (8c). Define the 2 x 2 matrix A by

A= (Z;) V(e p). (10)

The conditions (8b) and (8c) imply that

()= (%) - ()

Using (9) we obtain

(11)

Proposition 2.15. The matrix A from (10) is positive definite.

Proof. Let z = (21, 22) € R?, 2 # (0,0). Define

(3

Using the definition of A we obtain

Goaa(2) =) () vte w (2) =y

y' Y

We assumed that not all components of g are equal, therefore pu and e are not
collinear. Thus if z # (0,0) then y # 0. Since V is positive definite, so is V71,
and therefore y' V ~ly > 0. Therefore

(51 2)A (2) > 0.

Since z is chosen arbitrarily this proves that A is positive definite. O

Equation (11) can be solved and we find A; and Ag,

() ()

and by equation (9) the solution «, for the Lagrange problem is found.

2 =Vl (e p)A! C)

22



Mean—Variance Diagram By solving the Lagrange Problem we have chosen
the equality constraint: E[R,(z,)] =E[z"R] =2 'p=r.

The Variance is given by

Var[R,(z,)] = =, Ve

Leta=e Vle,b=e'Vly,and c=p'V~'u. Then

_fa b 1 c —b
A_(b C>7 A _ach(b a)

Var[R,(z,)] = (1 r) AL (1)

c—2rb+r%a
ac — b2

and

r A Mean

— Minimum Variance Portfolio

NS

>

1 Variance
a

Figure 1: Var[R,(x,)] as a function of r

If we chose r = g then the portfolio @, has minimal variance %
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Second Step Solve the Kuhn-Tucker problem (8a)—(8e).

We need to optimize the solution @, in r such that » > r,. Study three cases,
for each case we must verify that the additional conditions (8d) and (8e) are
fulfilled. (12) implies that Ay = 2% Note that ac —b> > 0 since A is positive

ac—b2"

definite. The condition (8e) implies one of two possibilities: r = r, or Ay = 0.

1.

. 7p = 2: Both choices (r =r, and Ay = 0) imply that r =

b.
Tp P

< 2: The choice r = r, < £ implies Ay = Z;%b‘; > 0 which contradicts
(84).

Therefore we have 0 = Ay = 2=%% thus b—ra =0 and r = 2. (Fig. 2)

ac—b2?

Qo

r, > 2: (8e) demands 7 > r,. If we chose r > r, > 2 we have Ay =

b=ra < 0 and thus (r — r,)A2 < 0 which contradicts (8¢). Therefore we
have r =r,. (Fig. 3)

rAMean

IS

Optimal solution

Best solution with return 7,

— _

Variance

=%

Figure 2: Solution for r, < g
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rAMean

Optimal solution

>

Variance

Figure 3: Solution for r, > 3

Definition 2.16. The solution @, for the Lagrange problem (6) is called min-
imum variance portfolio.

Definition 2.17. The solution a:jp for the Kuhn-Tucker problem (7) is called
efficient investment strategy.

Definition 2.18. Let rgn, = 3. The global minimum variance portfolio Tgmy
is given by Tgmy = Tr,,,,. Note that

1

-1
Tomy = ————V e
BV eTY-le

In this past section we have already proven the following theorem and its first
corollary.

Theorem 2.19. Under the model assumptions 2.11 the solution to (7) is

+ V! (e N) At <741p> if rp > rgmy

Temv otherwise

=V (e p)A™! (maXU'j’ Tgmv)) '

8
Il

Corollary 2.20.
-1 (1
x, =V (e u) A (T
Example (Exercise). Let n =3, u = (0.08,0.04,0.045) and

0.0025 0.0005 0.0010
V = 10.0005 0.0004 0.0006
0.0010 0.0006 0.0010

Find rgmy = 0.0395.
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Corollary 2.21. Every minimum variance portfolio is a linear combination of
the two minimum variance portfolios Zgm, and 29 where

1

0) _
= = v,

Vi
Every linear combination of &g, and (® is a minimum variance portfolio.
Yy gmv p

Proof. Recall that
_ —A1
,=V1 .
T (e ,u) ()\2)

Let 7(®) = ¢, If we choose 7 = r(®) then (12) implies that A\; = 0, Ay =

b
0
e =V e w) (Y )

e'V-lp
1

e'V-1lu

. S
el V-1p-

= Vﬁll}l,

=z,
which shows that () is indeed a minimum variance portfolio.

Since A is positive definite, its columns are linearly independent and therefore
g # ¢, thus rgmy # r(© and Tomy 7 2,

We will now prove the first statement from the corollary, that every minimum
variance portfolio is a linear combination of Tgn,, and (9. Choose any return
r > 0 and its corresponding minimum variance potfolio @,. Since rgm, # r(0)
there exists a € R such that r = ar(® + (1 — @)rgmy-

The minimum variance portfolio with return r is
x, =V~! (e ,u) At 1
r T
=V~'(e u)A‘1< ot (l-a) )

ar® + (1 — a)rgmy

=az® 4+ (1 - @) Tgmy
which is indeed a linear combination of £(®) and Tomy-

In order to prove the second statement chose o € R and let = az® + (1 —
a)Tgmyv. We need to prove that this is indeed a minimum variance portfolio.

Let 7 = ar(® + (1 — @)rgmy and observe (like above) that & = @, which proves
that « is a minimum variance portfolio. [

Definition 2.22. Two investment strategies « and y are orthogonalif Cov[R,(x), R,(y)] =
0.

Note that Cov[R,(z), R,(y)] = = Vy.
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Proposition 2.23. For every minimum variance portfolio «, there exists an

unique orthogonal minimum variance portfolio «;-. Moreover z; = x,. where
1 C — b'l"
ro = .
b—ar

Proof. Let A{, A3~ be the solution to the Lagrange problem with expected return

rt.

x, = -V ie— XV 1y
= -A\Vle- AV 'lu
The covariance of the returns of these portfolios is
Cov[Ry (1), Rp(xy)] =z, Ve,
= (=AM Vle— XV Iin)TV(=\V e — XV iy
= (=Ae =) Vi (=Xie = dop)

-0 a4 (3)
(1 rhyataa C)

1 1y fc—rb
"~ ac— b2 (1 " )<ar—b>

c—rb—rtb+arrt

ac — b?

Until now we have used nothing about 7. The above shows that

—rb
Cov[R, (1), Ry(x,)] =0 if and only if 7+ =~

b—ar’
which proves the existence and uniqueness of the orthogonal minimum variance
portfolio. |

Theorem 2.24. Assume x, is a minimum variance portfolio for r # g and T,
the corresponding orthogonal minimum variance portfolio.

Choose an arbitrary investment strategy x € R™ with expected investment
return 7, = & ' g and variance 02 = ' V. Then
Te — 15 = Bon(r —17F)

where




Proof. Let ej = (0,...,0,1,0,...,0) the vector with a single 1 in the j*® posi-
tion.

Cov[R;, Ry(z,)] = ejTV:L'T
= ejTV(—/\ﬂ/*le — V)
= ejT(f)\le — dopt)
= —A1 — Aoy

~ ) ()
= (1 m)A™ (i)

By definition of orthogonality we have

0= Cov[Ry(z,.), Rp(z,) =2 Vo, = (1 rt)A! (1>

Cov[R;, Ry(z,)] = Cov[R;, Ry(z,)] — Cov[Ry(z,1), Ry(z/)]

=0

=0 pj—rt)Aa?t <i>

_ (g —rh)(=b+an)

ac — b2

Using the fact, that R,(z) = > ;z;R; and linearity of covariance in its first
argument as well as ), z; = 1, we obtain

:cT —TJ' — ar
CovlRy (@), Byle)) = Y2, CovlRy, By(a,)] = EH=TIEVEA) g

ac — b2
J

If we set £ = x,. in the above equation, we obtain

(@ p—rt)(=b+ar) (r—rt)(=b+ar)

Var[Ry(z,)] = Cov[Ry(zr), Rp(,)] = ac — b2 - ac — b?
(14)

Equations (13) and (14) imply that

Cov[Ry(x), Ry(x,)] _ Var[R, ()]
xTp—rt r—rt

which proves the theorem. O

2.5 Mean—Variance Analysis with risk free assets

Assumption 2.25. Assume we have exactly one risk free asset with determin-
istic return Ry = po and n risky assets with returns R such that
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1. pj = E[R;] # po for at least one j.
2. V = Var[R] is positive definite.

We reformulate problem (7) in order to take into account the risk free asset.

fi;: = argmax —%wTVw
r eR”
#le=1
>,

The portfolio return can be reformulated in terms of excess return R

=0

Rp(i) = :ET.AR = l‘iRZ‘ = s (Rz — ,Uo) + Tifo = 5T.AR€ + Lo

K3

The problems (6) and (7) become now

T, = argmax —%:BTV:B (15)

P

x € R"
(BTIJ/EZT‘

T
Tr,0=1—€ @,

e
p

m;'; = argmax —%LBTV:B
x e R"”
:BTNe > ,,,Ze)
+ T+
T, o=1l-e x

where
rp,=1p—po and p°=E[R‘]=p— pe

The Kuhn-Tucker conditions for (16) are
Lz, \,7°) = —%wTVm —MaTpe —7r°)

oL
I —Va—AIu®=0 (17a)
oL T
= ¢ _r®) = 1
) (x' pu®—1°) =0 (17b)
OL
=A<0 17
8/,16 - ( C)
(r=rp)A=0 r°>ry (17d)
Equations (17a) and (17b) imply
x=-\V"1tpe
CET[.LE _ _)‘IJ/GTV_lIJ'e = re
D
- MeTV—lue

29



So we can write the solution to the Lagrange problem (15)

_ Te -1
- HeTV—lue 4

€

Lye M

Mean-Variance Diagram

e\2 e\2
Var[Ry(xe)] = &)V, = (r*) pe VTV iy = ()

(MeTv—lue)Q MGTV—IMG
r A Mean
Efficient Portfolios
o6 Minimum Variance Portfolios
>
Standard Deviation

Figure 4: \/Var[R,(x,)] as a function of r

Theorem 2.26. Under assumptions 2.25 the solution to problem (16) is
N maX(O,r;) 1.
mrp - eTy—1ye :
2 2
Corollary 2.27. The solution to problem (15) is
+ T -1, e

S

Le ueTv—lue

Proof. Theorem and Corollary are consequences from Kuhn-Tucker conditions
(17a) — (174d). O

Definition 2.28. A minimum variance portfolio @,y is called tangent portfolio
ifeTe=1.

(i.e. if Tyay, invests only in risky assets.)

Proposition 2.29. There exists an unique tangential portfolio. Its excess re-
turn is .
. Ne V—lue
Ttan = — oT1 -1, (18)
pe'V-le
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Proof. A minimum variance portfolio with given excess return r¢ has the form

e
r —1,e

s
Thus .
x).e= WMQTV*%
The equation x,.e = 1 has the unique solution r® = r¢, . O

Remark. Practitionners would expect that rgm, > po since the latter return
is achieved without any risk. Proposition 2.29 gives us the equivalence rgm, >
o & Tean > 0.

Indeed: Since the numerator in (18) is positive, ¢ has the same sign as

UETvile = (1 — ﬂOe)Tvile =b— poa = a(rgmv — fio)

When estimating model parameters g and V', make sure that this condition is
fulfilled.

Theorem 2.30. Assume @, is a minimum variance portfolio for r¢ # 0, let @
an arbitrary portfolio with expected return ry = @' fi = po 4+ = ' p°. Then for
7 = po + r° the following holds:

Cov[z"R,z /. R
Var [z R]

Te — Mo = ﬁm,r(r - MO) where ﬁw,r =

Proof.

Cov|R;, . R] = e] Vi,

T e -1, e
=e,V|——7—V

“ (/FVlue “)
I
- uvalueez
_Var[:c,—LR] .

4

e
u
TE

Taking a linear combination with coefficients z; of the above we obtain

.
Var [z R] o

Cov[z'R.z.R] = e
7«6
O
Remark. The coefficient 3., can be written as
Var[z T R]
o = Cor[z Ry@ R | ———
B, orl= @< R Var [z, R]
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Remark. The portfolio x,. plays the role of a market portfolio. If the corre-
lation is small then it is used for diversification. Due to the demand of such
portfolios they are expensive, i.e. their excess return r¢ is small.

Remark (Practical Remarks).

1. There are often additional constraints to the optimization problem (6)
such as e.g. a maximum of 30% of assets in foreign currency

> <03
i€ {foreign}
or a no-short-selling constriaint

2. The mean return vector p has to be estimated. An estimation based on
historical data is often too naive.

The covariance matrix V can often be estimated with more confidence.
Theorem 2.30 can then be used to estimate p.

3. Asset and Liability management (ALM). Need to replicate a liability port-
folio y e.g. payouts of a life insurance using a deterministic life table or
predicted payouts based on claim triangles in non-life insurance.

This leads to the following problem. Note that not the variance of the
return is minimized but the variance of the difference to the return of the
given liabilites.

z) = arg max —z-y) V(z—y)
z e R
T~
T e=1

' h2y et
where 7 is an additional profit.

As before we solve this problem using Kuhn-Tucker.

~ 1 T~ AT~ AT~
L(z, A1, A2, ) = —§$TV-’E+93TV?J—)\1(53T6— =@ - @ m+r)

oL

e = —V(r—y)—Me— p=0 (19a)
OL N = o =0 (19b)
To

oL T~
= —1)= 1
o (x'e—1)=0 (19c¢)
oL T T~
=@ p-@ a+r)=0 (19d)
O\a

oL

- _ <

5 =<0 (19€)

(r=ri)de=0 r=>ry (19f)
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Equations (19a) and (19b) imply
=y — NV lue
From (19d) we get
Y tr=2 f=po+a u=po+y pt—dop VI pl

therefore ,
o= —
2 “eTV—lue

Finally, using (19¢) and (19f), we have

max(0,ry)
“eTV—lue

€

T=vyY+

(The risk free part z is given by (19c).)
If no additional profit is demanded, one chooses = y.

If ¥ = 0 we have the solution from theorem 2.26.

2.6 Capital Asset Pricing Model

Motivation: Where do the p; come from? So far they where given exegenousely,
but a market equilibrium should allow for a endogenous determination of p;.
The model should tell us what the right prices are.

Assume rgny # po. Then proposition 2.29

implies the existence of the unique tangential portfolio

T 1

tan - e

Ltan = ~—F+,_71 o 12
HeTV—lue
Ty —1,,e
peVTp
where 7, = —————
pe'V-le

and ] e=1
Note that r¢,, > 0.

Henceforth every minimum variance portfolio &, is a linear combination of the

tangential portfolio Tt., and the risk free portfolio eq = (1,0, ...,0).
~ ¢\ o ré _
mre(l e >€0+ c Ttan
tan tan

Assumption 2.31. (Market Model)

Supply Assume n + 1 financial assets satisfying assumptions 2.25. The total
value of asset j at time 0 is given by Mj.
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Demand We have N financial agents all holding a minimum variance portfolio
¥ € R and having initial wealth w;.

Assumption 2.32. (Economic Principle) We have a risk exchange economy
with market clearance condition; i.e. supply equals demand.

Definition 2.33. The market portfolio T is given by

M; -
x?/[ = MJ where M = ZMj
=0

Each agent holds a minimum variance portfolio.

ré r¢
% [
wj ((1 e ) ) e xtan)
T T
tan tan

The total value of risky assets at time 0 is

N
St
W e Ltan
‘ T
i=1

tan

The market clearing condition implies

1. Tpan = M

Theorem 2.34. (Capital Asset Pricing Model CAPM) Under assumptions 2.31
and 2.32 we have
_ M
Hy = o + B35 (r™ — po)
where [ ( M)]
RY Cov|R;, Rp(x
M M js Lvp
—B|R,(a)| and 8=
A )

Proof. Because of the market clearing condition we can replace the tangent
.~ . o AM
portfolio ®,, with the market portfolio x

Then the theorem follows straightforward from theorem 2.30. O
Remark. (CAPM)

1. The theorem above does not really tell wether the prices are exogenous or
endogenous, but rather gives a balance condition for prices ;.

2. Assume the market is large or single assets small, such that a single asset

does not really influence the market return M.

In practice the following is done:
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(a) Determine ;. (Covariance matrix)

(b) Determine r™M. (Expected market return) “growth of the economy”.

(c) Calculate prices assuming independence of the market on single asset
prices.

3. CAPM has many unrealistic assumptions:

e closed market
e market clearing condition
e all agents are mean variance optimizers

e all agents estimate the same parameter values

4. The parameters 3; measure the systemic risk.
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3 Arbitrage Pricing Theory (APT)

Remark. In Chapter 1-3 we have two point models two time-points tg: in-
vest, t1: observe return. The idea with CAPM is to generalize that and use
distributions rather than expected values:

Rj = po + B (Rm — po) + €j
—— ~~
systematic risk idiosyncratic component for asset j

where E[e;] = 0. Thus we have:
E[R;] = po + B;(ry — o)

3.1 Exact APT, no ideosyncratic risk

Assumption 3.1 (Model). pq : risk free return,

Ry, ..., Ry,: risky assets fullfilling:

Ri:Hi+Z£{:1bika Vi=1,...,n,b; €R
E[Fy] = 0

e Cov[F] = ®, positive definite € REXK

oen>K

Interpretation: Returns R; are described by K underlying risk factors Fi, ..., Fi.
In Matrix form we can write that as R = u+ BF with B € R"**. Since k < n:

Jz € R"\{0} orthogonal to all columns of B (20)

Expected return for such a portfolio x is:

E[R,(&)] =2 fi=po+a (- poe)=po+z p
Var[R,(Z)] = ' Var[R|x =« Var[(BF)|z = @Var[(F)] @ =0
=0 =0

Definition 3.2 (Economic Priciple). € R"*! is an arbitrage portfolio if

(i)x"e=—zo net invest 0
(13) E[Rp()] > 0
(#13) Var[Ry ()] = 0

From (ii) and (iii) follows that R,(z) > 0 a.s..
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Theorem 3.3. Under the assumption of "no arbitrage” (i.e. fz, z arbitrage
portfolio) we obtain 3\ = (A1, ..., Ag) risk premium such that

K

Mi:NO+Zbik>\k Vi=1,...,n
k=1

Proof. Choose  as in (20) and assume E[R,(Z)] # po. Without loss of gener-
ality we can assume r := E[R,(Z)] > po. Invest 1 unit into  and —1 unit into
the risk free asset. Thus we have a net investment of 0 with return r — po > 0,
which is a contradiction to the no arbitrage assumption. Thus

E[R,(Z)] = po
po+x" (1 — poe) = o

=a' (- pe) =0

This holds true fo all portfolios & which satisfies (20). p — ppe is in the span of
the columns of B. Thus
X p—poe=BA (21)

O

Remark (1). The price of risk A can explicitly be determined by solving the
system (21).

Remark (2). If k = 1:
Wi = o + biA (X is a scalar)

Compare this to CAPM:
Wi = po + Biry,.

The pricing formula coincides.

Remark (3). The two Models should not be identified since we have two com-
pletetely different economic principles.

3.2 Ideosyncractic Risk

Assumption 3.4 (Model Assumption). e /i : risk free return
e Ry, Ry, ... infinite sequence of risky returns.
e RY = (Ry,...,Ry) = uN + BNF + &N, with:

— F = (F,..., Fg) market risk factors.

— B are the first N rows of an co x K- Matrix.
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— eV = (e1,...,en) with E[g;] = 0, Cov[e] = QF positive definite all

eigenvalues bounded uniformly (in N) by A

COV[EZ‘7 Fk] =0

Cov|[F] pos definite

- E[F:] =0

Remark. Hopefully the main behaviour can be explained by a finite number
K of market risk factors such that the remaining (ideosyncratic parts) e; are
sufficiently small.

Definition 3.5. An asymptotic arbitrage opportunity is a sequence of portfolios
w! € RY such that

(i) wVeN =0 net investment zero
(ii) limsupy_ . E[(w™)TRN] > 6 >0

(iii) limy— o Var[(w™)TRN] =0

Theorem 3.6. Under previous model assumptuions and under exclusion of

~N
asymptotic arbitrage opportunities. There exists XA = (AY,..., A\}¥) of risk
factors such that for N > K:

K
pi =AY by +o)Y, Vi=1,...,N
k=1

sucht that the error terms v} satisfy

N—oo

N
1
lim — NY2 = 22
iy ) =0 (22)

Idea of the proof is choose in a smart way the sequence (A )y>x and show
that (22) is satisfied.

Excursion
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A

(be1, 1)

Figure 5: Linear regression
a) Linear regression problem. Assume K = 1. p; = )\év + b1\ + vZN.

b) Multivariate linear regression
oV =N — (A\YeN + BVNAY)

Choose A such that |lv|l2 is minimal. Optimal least squares methods (OLS).
Solve:

N

(1) > v =0 (23)
1,;1

2 > vfbx=0 Vk=1,...,K (24)

N
Choose this A and show that (22) is fullfield. Define w? = ﬁ Hv]lVHzUN then
(23) implies:




Calculating the expected value:

1
N [[v™ ]2

E{(wN)TRN} _ (,UN)TMNJFE[(UN)T&.N}
—_——

=0

1 NNT N N _N NN
oM ) [ e+ BT
1

N [[oV]l2

W) TN + AN (@M)TeN 4 (o) T BN AN

=0 with (23)(1) =0 with (23)(2)

Sl 3-5- 3

and the variance:

Var [(wN)TRN] = —% Var[(wN)TsN]

< 1 1 - A
eigenvalues unif. bounded — /\||'UNH2 = 0.
Nt Ty

the \ is uniformly bounded.

~N
Proof. Assume (22) does not hold true for our choice A and v". Then (i) and
(ii) are fullfield and there exists § > 0 with

lim supE[(wN)TRN} >0

which contradicts the no arbitrage assumption. O
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4 Multiperiod Models

We consider a discrete Time Model with finite time horizon, with ¢ € {0,1,...

T < oo and a cashflow ¢ = (cq, ..., cp).

A

C2

\

1 92 3 T time

Figure 6: Cashflow with finite time horizon.

The aim is to find a price we are willing to pay at time 0 for this cashflow.

4.1 Deterministic Cashflows and Arbitrage

Definition 4.1. v € RN

e v>0iffv; >0,Vi=1,...,N, iff v € RY U {0}
e v>0iffv>0and Ji:v; >0, iff v e RY

ev>0iffv, >0Vi=1,...,N,iff v e RY,

T},

Definition 4.2 (Security Market). A security market is a pair (IT,C) with

II € RYN and C € RV*T |

H1 C11 ce cirT
II = Hz y C = Ci1 e C;T
Hn CN1 ... CNT

Each row in C represents a cashflow. We thus have N cashflows with corre-

sponding prices II at time zero.
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Definition 4.3. A prortfolio strategy is a vector § € RY. The cashflow gener-
ated by such a portfolio strategy 0 is:

N N
CTO = (Z Hicil, ceey ZHZ-QT)T.
i=1 i=1

The price of C'T0 at time 0 is Im'e = va 0,;11;

Definition 4.4 (Arbitrage opportunity). 8 € RY is an arbitrage opportunity
if it satisties one of the two conditions:

1.II'0=0and CTO >0 or

2.TMO<0and CTO>0

Definition 4.5 (Arbitrage-free). A security market (II,C) is arbitrage-free if
it contains no arbitrage opportunity 6.

Lemma 4.6. Let A be an m x n Matrix then exactly one of the follwoing
statements holds

1. Jz € R, such that Az =0

2. 3y € R” such that y' A > 0

Proof. Stiemke Lemma. See elsewhere. O

Remark. Another proof would be given by the seperating hyperplane theorem.
Farkas?

Theorem 4.7. The security market (II, C) is arbitrage free if and only if

3d € RY, with IT = Cd.

Interpretation: d is the vector of discount factors. A cashflow of 1 at time ¢ has
the price d;.

Proof. Define
—H1 C11 e c1T

—Hn Cnl - CnT
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Apply Stiemkes Lemma:

- T
from i)3z € RIT' : Az =0

T
<:>E|mERIil:—Him0:thc,;t:O Vi=1,...,n
t=1

T
T .
<:>3mERIil:Hi:Zx—tcit Vi=1,...,n
t=1 "0
T
define d; = -t
o

T
IR L =) diey  Vi=1,....n
t=1

It remains to prove that no-arbitrage assumption rules out being in case (ii) of
Stiemkes Lemma. Assume 3y € RY such that y"A > 0. There are now to
cases:

1. either (y"A); > 0 and (y"A) > 0 for k = 2,...,T + 1 & arbitrage
definiton case (2).

2. 0r (y'A)y =0and (y"A)y >0fork=2,....,T+1and I : (y"A); >0
< arbitrage definiton case (1).

We have shown that in Stemkes Lemma (i) < there exists a discount factor.
(ii) < there exists an arbitrage opprotunity. O

Remark. In the finite dimensional setup “No arbitrage” < “There are discount
factors”. Probabilities play no role.

Remark. In more general models: discrete time but infinite probability space
or in continous time models we can usually show:

Jmartingale measuere = no arbitrage

For the case < it is important which definition of arbitrag implies the existence
of a martingale measure. (See: [DS93]. Why are infinite probabilities space so
much harder? For example in continous time one needs to exclude “doubling
strategies”, which plays infinitely many lotteries each doubling the investment
until the first win.

Remark. We do not say anything about the uniquenss of d.

Definition 4.8. The market (IT, C) is called complete if for any y € R” there
exists @ € RN such that CT@ = y. (i.e. if we can replicate any cashflow )

Proposition 4.9. The market is complete if an only if there exists an unique
de R$+ such that IT = Cd.

Proof. No proof given. O

Remark. In that case C' can be choosen as a regular T' x T-matrix.
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4.2 Term Structures in Discrete Time

Assume (II, C) is arbitrage free and complete. It follows that there exist unique
discount factors d.

Definition 4.10. A zero-coupon bond (ZCB) with maturity ¢ € {1,...,T} is
given by e; = (0,...,0,1,0,...,0) € RT where the 1 is at the t-th position.

Proposition 4.11. The price of ZCB(t) at time 0 is given by d;.

Proof. Due to completeness 30; : e, = C' T8, It follows that:

Price(ZCB(t)) =11"0, = (Cd) "0, =d' C"0, =d ' e, = d;

O
Corollary 4.12. The price of any casthlow ¢ € R” is given by
T
PI‘iCQO (C) = Z Ctdt
t=1
Proof. Write ¢ = >_ cte; and use linearity. O

All we need in this section is arbitrage-free and complete. We have not assumed
any monotonicity properties on d. You would guess d;y1 < d;, but this is not
assumed or implied here. We use the following terminology to normalize dy = 1.

Definition 4.13. Assume d € ]Rir is given as above. The spot rate at time 0

isrg = d% —1. The (one period) t-forward rate at time zero is f(0,¢) = dii-ft—l -1

Definition 4.14. Yield-to-maturity of ZCB(t):

y<07t) = (;l/t> —led = (1 + y<07t))_t

t

Term structure at time 0 is given by (y(0,1),y(0,2),...,4(0,7)).

4.3 Duration

c € RT: cashflow, d € RLL given.

T T
. Ct
Priceg(c) = > erdy = 3
— (1+y(0,1))"

t=1

In old models one assumes often y(0,t) = r




T
dlIy(e,r) ct 1 ct
dr Z (147)t+t 1+r; (1+r)t

Relative change:

e 2ty
Ho(c,r) 1+7” Z(liitr)f
—_————

=:D(e,r)Maucaly Duration

“Average time of the payouts ¢;” or “Expected value of the payout time” ep =

E[ct] for a certain probability measure. We can do a Taylor expansion on:

D
My(e,r 4+ Ar) =y(e,r) — Hp(e, r) 1(Jcr’ :) Ar + o(Ar)

Assume c are liabilities and y are cashflow of our assets. How should we choose
y? For ALM buy y such that

Iy (y, r) =Ho(e,r)
D(e,r) =D(y,r)

Remark. Similar approximations are available for non-constant term structure
curves and interest rate shocks. See (Shiu 1987, Fong-Vasicek 1984).
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4.4 Stochastic Cashflow in Discrete Time

Assumption 4.15. Assume a final time horizon T € N, (Q, F, P,F) a filtered
probability space with filtration F = (F})i=o,... r where F; C Fip1 C F, F; a
o-field.

Assume X = (Xo,...,Xr) is a F-adapted cashflow on (Q, F, P)

The goal will be to calculate the price process for any such cashflow X under
an appropriate valuation functional.

Assumption 4.16. (General Assumptions) Assume all components X; of X
are square-integrable i.e. E[Xf] < oo forallt e{0,...,T}.

Remark. L%H(Q, F,P) is a hilbert space:

e E[X?] < oo forall ¢, for all X € L2,
e (X\Y)= E[XTY} scalar product

e || X =+/(X,X) norm
If | X —Y| =0 then X =Y P-almost surely. In that case we identify X with
Y.
Definition 4.17. (Notation)

e X > 0if and only if X} > 0 P-almost surely, for all k.
e X > 0 if and only if X > 0 and there is a k such that P(X} > 0) > 0.

e X > 0if and only if for all k: X} > 0 P-almost surely.

4.4.1 Market Consistent Valuation at Time Zero

Assumption 4.18. Assume a functional Qg : L2T+1(Q,}', P) — R with the
properties

1. (Positivity) X > 0= Qo(X) > 0.

2. (Continuity) If (X(i))i:m,___ is a convergent sequence in L2T+1:

XOTEX = (X)) T gu(x),

3. (Linearity) Qo(aX 4+ bY) = aQo(X) + bQo(Y).
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Definition 4.19. If @ satisfies the assumptions above we call it a pricing
functional and we call Qy(X) the price of X at time 0.

Lemma 4.20. In the assumptions above positivity and linearity imply conti-
nuity.

Proof. See Wiithrich-Bithlmann-Furrer (2008) Springer O

Theorem 4.21. (Riesz Representation Theorem) If Q) is a pricing functional
on L3 (Q,F,P) then there exists ¢ € L, (Q,F, P) such that for all X €
L%’+1(Q7f7 P): QO(X) = <‘10=X>'

Definition 4.22. The ¢ in the theorem above is called deflator.

In economic literature it is often called state price density and in financial math-
ematics pricing kernel.

Remark. e Positivity of Qg implies ¢ > 0.

e On the subspace of all F-adapted cashflows ¢ can be chosen F-adapted.
Indeed: define @, = E[p:|Ft]. @ is a deflator and it is F-adapted.
If X is F-adapted then (X, ¢) = (X, ).

e The F-adapted deflator is unique.

Indeed: assume two deflators ¢ and ¢*
(¢, X) = (p*, X) for all X
In particular for X = ¢ — ¢*.
0=(p—¢" ¢ —¢")=lp—¢
And thus ¢ = ¢p*

e In the following we will always use the F-adapted deflator ¢ to represent

Qo-

4.4.2 Understanding Deflators

1. In theorem 4.7 we have seen security market pricing iff there exists d €
RZ, such that IT = Cd. (finite space model)

In theorem 4.21: @ pricing function iff there exists ¢ > 0.

2. Attention: In general ¢ and X cannot be decoupled.
T T
Z Elpi Xy] # Z Elei E[Xy]
t=0 t=0

3. The price of a ZCB with maturity ¢ is
Qo(et) = (¢, er) = E[pe] = P(0,1).

It is Fp-measurable, i.e. known at time zero, (deterministic discounting)
whereas (; is F; measurable and allows for stochastic discounting.
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4.4.3 Pricing at Positive Time

Definition 4.23. For X € L2T_H(Q,]—', P,F) we define its price at time t by
ﬂ]

Lemma 4.24. (p:Q:(X)); is an (Q, F, P,F)-martingale.

1 T
Qi(X)=—E [Z PsXs
Pt =0

Observe that Q;((X)) is Fi-measurable.

Proof.

Elpi11Qi11(X)|Fe] = E| pr41

- T
E|E lz s Xs
L s=0

T
=E[> ¢.X, ftl
L s=0

= p1Q(X)
Theorem 4.25. The pricing system (¢;Q;(X)); on L?(Q, F, P,F) is arbitrage-
free for an appropriate definition of arbitrage.

1

Pt+1

E

T
Z SOSXS ft+1‘|
s=0

.

d

ft+1]

O

Remark. A rigorous version of this theorem can be found in [DS98] and in M.
Schweizers lecture on financial mathematics.

Example.

1
P(s,t) = = B[] F,] = E{(‘;’t

4.4.4 Equivalent Martingale Measure

In financial math one typically chooses an appropriate unit (called numéraire)
such that formulae become simple. Here: bank-account numéraire.

Definition 4.26. The spot rate process (R(t)); is given by

1
R(t) = ~tog Plt. ¢ +1) = ~log ( —— Blewl7]).
Pi+1
Remark. The spot rate R(t) is Fi-measurable.

If the time step is one year then R(t) corresponds to the one year risk free asset.
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The spot rate process plays the role of the bank account: invest 1 at time zero,
this then provides the value B; at time t.

B, =expR(0)-expR(1)-...-R(t—1) = expz_:R(s)

s=0

The goal of this section is to study the price process relative to the bank account

numéraire %
t

We have seen that (p:Q¢(X)): is an (Q, F, P,F)-martingale, now what about
(B 'Qu(X))?

Note that ¢; is F;-measurable, observable at the end of period [t —1, t], whereas
B, is F;_1-measurable, observable at t — 1. This property is called previsible.

Definition 4.27. & = By fort =1,...,T and & = 0.
Lemma 4.28. £ > 0 and (&); is an (9, F, P,F)-martingale and E[¢7] = 1.

Proof. Positivity: ¢ > 0 and B > 0 therefore also & > 0.
Martingale property: observe that

& = SDtBt = Sat—lBt—lgpwt

exp R(t — 1)
t—1

1
E[&|Fioa] = <,0t71Bt71€R(t71)7 Elp|Fi—1]

Pt—1
= 1B 1e®VP(t+ 1)
=181

Expected Value:
E[¢r] = E[§1] = B1E[p1] =1

Note that &; is a density process with respect to P. & is a density.

Definition 4.29. The equivalent probability measure Py is given by the Radon—

Nikodym derivate

dPy
_— = B .
qp —¢r=¢rBr

In other words
Py(A4) = / &rdP forall Ae F
A

Corollary 4.30.
)

e G 1| = Brlerl Al =&
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Lemma 4.31. For s <t the following holds P-almost surely:

Ep[Q(X)|Fs] = ZSEP[ftQt( x)|F]

Proof. For all A € F; the following holds:

Po(A) = Eplér14]
EpEPEr1a|F]]
Ep{14 Eplér|Fs]]
Ep[14&;]

Ep[14Q(X)] = Epl{114Q:(X)]
= EpEp{r1aQ:(X)|Fs]]

— Ep| 146y~ EplérQu(X)|)

£s

And therefore P-almost surely

éEp[sthX)m] — EpQu(X)|F]

O

Corollary 4.32. The process (B; 'Q;(X)); is an (Q, F, Py, F)-maringale. (Note
the changed probability measure.)

Proof. Applying lemma 4.31 with s « ¢, t — t+1

ErQuir (X)|F] = éEp[&HQmen

=Ep Pl Rt DQu1(X )‘}—]
43

1
— eR(t)@ Ep[pi41Qu+1(X)|Fi]

using the fact that ¢;Q:(X) is a P-martingale

Thus we have

Ep,[Bi 1 Qu1(X)|F] = By Ep[Qis1(X)|F]
Bt 16R(t)Qt( )
= Bt th( )
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In the real-world probability space (Q,F, P,F) the process (¢:Q:(X)): is a
maringale.

In the risk neutral measure or equivalent martingale measure (2, F,Po,F) the
process (B; 'Q,(X)); is a martingale.

Remark. Usually pricing is simpler with the bank account numéraire B, Land
Py, whereas modelling insurance products is simpler with the deflator ¢; and
p.

Corollary 4.33. Let s < t. Then

1
P(s,t) = o Ep[p:|Fs] = Ep,

exp (— z_: R(u)> | fs]

Proof.

B
:EPO[B‘:

= B, Ep,[B; ' P(t,1)|F]

7|

Ep, lexp (— z_: R(u)) | Fs

Using the fact that (B-1P(7,t)), is a Pg-martingale

= By(B;'P(s,1))
= P(s,t)

4.4.5 Market Price of Risk

The market price of risk will explain the difference between P and Py.

Assumption 4.34. Let (Q, F, P,F) a filtered probability space. Assume (¢):—o..

is F-adapted and &;|F;_1 ~ N(0,1). Assume the short rate dynamics R(¢) is
given by

R(0)=19>0,R(t) = f(t,R(t—1)) +e9(t,R(t —1)) fort =1...T (25)

where f and g are sufficiently nice functions.

Our goal will be to find appropriate deflator models and an appropriate equiv-
alent measure Py ~ P.

Assumption 4.35. Assume we have a second F-adapted process (d¢)i=o..T
such that 6;|Fi—1 ~ N(0,1) and Cov[P]ds,er = p.

Define the deflator

©t = exp (— Z (R(s -1)+ %/\Q(S,R(s - 1))) + Z A(s, R(s — 1))(5s> (26)

s=1 s=1

where A is a sufficiently nice function.

o1
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Definition 4.36. The function ) is called market price of risk.

Remark. Observe that \ describes the difference between B; ! and ¢; in the
sense that B; ' = ¢; when A\ = 0.

A describes the aggregate market risk aversion. It is often given exogeneously.

Proposition 4.37. The equations (25) and (26) give a meaningful model i.e.

e o, is F-adapted.

LIPS LQ(QvfaP)

e R(t) = —log (é EP[SOt+1|ft])

Proof.

1
— log — Ep{pt41]F]
Pt
= —log Ep[exp(—R(t) — %)\Q(t +1, R(t)] + A+ 1, R(E))0141)|Fr)
= —log (exp(—R(t) — %)\z(t + 1, R(t))) Eplexp(A(t + 1, R(¢))d141)| )
using expected value of a lognormal distributed random variable
= —log (exp(—R(t) — 2X*(t + 1, R(t))) exp(0 4+ $A*(t + 1, R(t))))
= R(t)

O

The equivalent martingale measure under previous assumptions is obtained by
the Girsanov transformation in discrete time.

% = @rBr = exp (; XS:)\Q(S, R(s—1))+ ZS: A(s, R(s — 1))5S>

Lemma 4.38. ¢f = &; — Ap has, given F;_; a standard normal distribution
under Pg.

Proof. We will proove the lemma by comparing the moment generating function
of ¢ with the moment generating function of a standard normal distributed
random variable. Choose s € R. The moment generating function of ¢} under
Py, given F;_q, is

(mp,ey)(s) = Ep[expeys|Fi—1]
= exp(—sAp) Ep,lexp(—set)|Fi—1]
= exp(—sAp) Ep[exp(—2 A% + A6, + ser)|Fy—1]
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A= A(t, R(t — 1)) is constant with respect to F;_1.
= exp(—sAp — 3A*) Eplexp(Ad; + se¢)|Fi—1]
using lognormal expectancy and Ad; + se¢| Fr—1 ~ N(0, A% + 2Xsp + s%)

= exp(—sAp — $A?) exp(5 (A% + 2Xsp + 5?))
= exp(35)

which is indeed the moment generating function of a standard normal dis-
tributed random variable. O

fsl
indeed, from (25) we obtain
R(t) = f(t, R(t — 1)) + 6A(t, R(t + 1))g(t, R(t — 1)) +e;g(t, R(t — 1))

Remark.

1
P(s,t) = o Ep|p:|Fs] = Ep,

~ Y R(w)

for the short rate dynamics under Py.

4.4.6 Vasicek Model in Discrete Time

([Vasicek, 1997] in continuous time)

Assumption 4.39. Under real-world probability measure we assume
R(t) =b+ BR(t— 1)+ oey
where 0 < 3 < 1 and &; as in the previous section.

R(t) is called an autoregressive process of order 1 (AR(1)).

Remark. In discrete time £;|F;—; can have any distribution as long as the
necessary moments exist.

In discrete time we could take any process for R(t), e.g.

e ARMA(p, q): Autoregressive moving average
e GARCH models

whereas in continuous time one has to be more restrictive in order to obtain
solutions.

In order to apply the model to the previous section (?) we choose

At,R(t —1)) = X € R (fixed)

63285
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then .
1 = exp (— > R(s—1)+ $AR(s — 1)> + AR(s — 1)gs>

s=1

Under Py we have
Rt)=0b+ (B+Ao)R(t — 1)+ oc;

Lemma 4.40. Under the previous assumptions the distributions of R(t) under
the two probability measures are

_ R2(t—s)
MUREN(G—WS>b+ﬁSm¢1 i ﬁ)

13 [z
b 1— k29
R(O|F SN ((1 — k) T TRTORG), 1—1«2"2)

with k = 5+ Ap.

Proof. (Sketch)

R(t)=b+ BR(t — 1) + oes
=b+[(b+ BR(t —2) +oer_1) + oes =...

t
1— t—s
=b(1+ B+ +... +87 )+ B7R(s) + o Z fi e, = bliﬁ + B R(s) + S
u=s+1 - ﬁ
where S is a sum of normal random variables, thus
t
S~N (0,02 > 52@“)) :
u=s+1
O
Theorem 4.41. (Vasicek Zero-COupon-Bond Prices)
P(s,1) = exp(A(s,t) — R(s)B(s,)) (s < 1) (27)
where
At—1,t)=0
B(t-1,t)=1
A(s,t) = A(s+1,t) —bB(s+ 1,t) + 30°B(s + 1,1)> fors<t—1
B(s,t) = LW
o 1—k

Remark. Choose u < s then P(s,t)|F, is lognormal distributed.

Whenever P(s,t) has the form (27) we say, we have an affine term structure

(ATS).
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What are sufficient model assumptions for obtaining an ATS model? (for ATS
in continuous time see [Fil09]

Proof. Under Py: R(t) =b+ kR(t — 1) + oef. We will proceed with a proof by
induction. For s =t — 1 we have
P(t = 1,t) = Ep,[exp(R(t — 1))|Fi 1]
— exp(—R(t — 1))
=exp(0—1-R(t—1))

For s <t — 1 we assume the theorem for s + 1.

/]

exp(— Z R(u))|Fs41

fs]
u=s+1

= (—R(s))P(s+ 1,t)|F]

= Ep[exp(—R(s) + A(s+ 1,t) — R(s+ 1)B(s + 1,t))|Fs]

(s+1,t) —=bB(s + 1,t) — kB(s 4+ 1,t)R(s)) + Ep,[exp(—oB(s + 1,t)e}, )| Fs]
(s+1,t) —bB(s + 1,t) — kB(s + 1,t)R(s)) + exp(30°B*(s + 1,t))

A(s,t) B(s,t)

P(s,t) = Ep,|exp(— ZR ]

= Ep, | Ep, lexp(— > R())|[Fon

= Ep, | exp(—R(s)) Ep,

o
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