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Question 1 (12 Pts)

a) Let X be a random variable with a standard Laplace distribution; that is, the cdf of
X is
1 .
Fla)=1? ex;;(x) ?f <0
1 —35exp(—2z) if x>0.

Calculate VaR,, (X) and AVaR,, (X) for a € [1/2,1). (3 Pts)

b) Let X be a random variable such that E [|X|] < co. Show that

AVaR,, (X) = VaR,, (X) + %E [(X — VaR, (X)), ]

-
for all @ € (0,1). (3 Pts)
¢) Name one advantage of VaR over AVaR and one advantage of AVaR over VaR. (2 Pts)

d) Let (Q,F,P) be a probability space and consider the risk measure p: L'(Q, F,P) — R
given by
p(X) = max{AVaR0.75 (X), VaR0.95 (X)}

Which properties of a coherent risk measure does p have? Please, justify your answers.
(4 Pts)

Solution 1
a) VaR, (X), a > 1/2, can be obtained by inverting F|r, . This gives
VaRq (X) = —log(2(1 — «))

for all a > % Hence, using a simple change of variable we obtain

1
AVaR, (X) = / VaR, (X) du
1

1
l1-«a
_ b / log(2(1 — u)) du

1l -«

1 2(1701)1 p
T To1-a) /0 og(s) ds

for all @ € [1/2,1). Since lim,_,o z log(x) = 0 we obtain

2(1—a)
AVaR,, (X) = 2(11_a) /0 log(s) ds
= _2(11—04) (2(1 —a)log(2(1 —a)) —2(1 —a)) =1 —log(2(1 — o))

for all @ € [1/2,1).



b) The stated identity follows by direct computation. In fact, we have

1
AVaR,, (X) = 1ia/ VaR,, (X) du

1 1
= VaRe (X) + - / (VaRy (X) — VaRa (X)) du
1

= VaRa (X) + £ ! / (VaRy (X) — VaRa (X)) 1 (q.1) (u)du

= VaRa (X) + By [((X) — VaR, (X)),

—

where U ~ Unif(0,1), o € (0,1). Using the quantile transformation theorem, we obtain

AVaR,, (X) = VaR, (X) + %E [(X — VaR, (X))

> +]

for all o € (0,1).
- VaR is defined on L°(P) but AVaR only on L!(P).

- VaR is in general not subaddative as an example showed in the lecture, but due
to a representation theorem proved in class AVaR is a coherent risk measure.

- VaR is a frequency measure, i.e. it does not see what happens in the tails, whereas
AVaR is a severity measure and therefore incorporates the behaviour in the tails.

- AVaR is much more difficult to estimate and backtest than VaR.

d) First recall that a risk measure is called coherent if it satisfies the axioms of monotonic-

ity (M), positive homogeneity (P), subadditivity (S) and has the translation property
(T). Moreover, we have seen in the lecture that VaR satisfies (M), (T), (P) but in
general not (S) and that AVaR is a coherent risk measure. Since the maximum has the
following properties

1. max{x + a,y + a} = max{x,y} + a for all z,y,a € R;
2. max{\z, \y} = Amax{z,y} for all z,y € R and all A\ > 0;
3. max{z +y, z + w} < max{z, z} + max{y, w} for all z,y,z,w € R.
p satisfies (M), (P) and (T), but (S) does not hold. To see this it suffices to find a pair
of random variable (X7, X2) such that
p(X;) = AVaR 75 (X;) and VaRggs; (X1 + X2) > AVaR 75 (X1) +AVaR 75 (X2) .
In fact, in this case we obtain
p(X1+ X2) > VaRg (X1 + X2) > AVaR, (X1) + AVaR, (X2) = p(X1) + p(X2).

Next we give a simple example of this failure. Pick two independent Ber(p)-distributed
random variables X1, X with success probability p € (0,1); that is, their common cdf
is given by

0, x <0,
F(x)=<1—p, 0<x<l,
1, xz > 1.



Since VaR,, (X;) = inf{z: F(z) > a}, i = 1,2, we obtain

0, 0<a<l—p,
VaR, (X;) = a=P
1, l-p<a<l
and
£ if a€(0,1-
AVaRa (XZ) — 1—a? 1 « ( Y p]
1, if ae(l-p1)
for ¢ = 1,2. On the other hand, the independence of X; and X shows

0 with P[X;+ Xo=0]=(1-p)?
Xi1+Xo=14q1 with P[X;+ X9 =1] =2p(1 —p),
2 with P[X;+ Xy =2] =p?

and therefore

0, z <0,
(]‘_p)27 OSLE<]—7
F T) =
X1+X2( ) 1_p2’ 1S$<2,
1 T > 2.

As above, this shows

Oa 0<0¢§(1—p)2,
VaR, (X14+X2) =141, (1-p?<a<l-—rp?
2, 1-p’<a<l.

If we choose p = 0.04, then we have 0.95 < 1 —p = 0.96 and (1 — p)? = 0.9216 < 0.95,
from which we obtain VaR 95 (X;) = 0, and therefore,

4
p(Xl) —+ p(XQ) = 2AV3R0‘75 (Xl) =2—<1= VaR().gg) (Xl + XQ) < p(X1 —+ XQ).

25
Question 2 (10 Pts)
a) Let X; ~ Sy(1), i = 1,...,n, be independent random vectors and aq,...,q, € R.
Show that Z =Y | a;X; is spherically distributed. (3 Pts)

b) Assume that the daily losses of an investment during the next ¢ days are given by
(X1,..., Xz) ~ My(0,%, Fyyr)

for a non-negative random variable W and a t x t-matrix ¥ = 0?P, where ¢ > 0 is a
constant and P a correlation matrix with F;; = p for all ¢ # j. Show that there exists
a function f: N — R such that

VaR, (Xl + -+ Xt) = f(t) VaR,, (Xl)

for all @ € (0,1). Can you compute f explicitly? (4 Pts)



c)

Let X ~ Ey(p,%,v) and Y ~ E4(v, %, p) be two independent random vectors. Is
Z = X +Y again elliptically distributed? If yes, derive m € R%, M € R%*9 and
&: Ry — R such that Z ~ Ey(m, M, §). If no, give a counterexample. (3 Pts)

Solution 2

a)

d
First recall that a random variable Z is spherical if UZ 9@ Z for every orthogonal

matrix U € R¥?. Thus it suffices to prove pz = @z for every orthogonal matrix
U € R™4 where ¢, ¢z stand for the characteristic function of Z, UZ, respectively.
Thus using that X; ~ Sg(1;), 1 < j < n, and they are independent we obtain

ouz(t) =E [eit-UZ} ) |:ei(UTt).Z:| _ [ i3 (g UTY)- } HE[ i(a,U t)X}

n n

H i ([l UTE][?) qu@ loit1?) =H = o (t)

for every orthogonal matrix U € R?*¢ and all ¢t € Rd, which in turn shows that Z is
spherically distributed.

As seen in the lecture, if X ~ M;(0,S, Fiy) then we have
X1+ +X,=1"X ~ M(0,1"S1, Fyy)
where 1 = (1,...,1) € RY. Moreover, its scale matrix can be rewritten as

121 =0%1"P1 =02 <21+ > p) =o?(t+t(t—1)p) =to*(1+ p(t — 1)).

1,j=1
i#j

On the other hand, 17 X admits a stochastic representation as
17X @ VITSIVIVZ = Jt(1+ p(t = 1))ovWZ L Jt(1+ p(t — 1)) X1,

where Z ~ N(0,1). Since VaR is a positive homogeneous, distribution-based risk
measure, we get

VaRg (X1 + -+ X;) = VaR, ( t(1+ p(t — 1))X1> =/t(1+ p(t — 1)) VaRq (X1)

for all & € (0,1).

Yes, the random variable Z is again elliptically distributed. To see this, let us derive
the characteristic function ¢z of Z. It follows from the independence of X and Y that
bz(u) = ¢x(u)dy (u) for all u € R?. Using the formula for the characteristic function
of an elliptical distribution derived in class we obtain

d7(u) = bx(u)dy (u) = " F(u u)e™ Vp(u Tu) = ¢ (Hy(uT Su)p(u’ Su)
for all u € R?. Defining m = u+ v, M = ¥ and £(u) = (u)p(u), we further get
dz(u) = e (T Mu), ue R
It thus follows that Z ~ Eg(m, M,¢).



Question 3 (10 Pts)

Let X be an Exp(\)-distributed random variable for a parameter A > 0. Calculate the
distribution function and the moments of ¥ = exp(X). (3 Pts)

Does Y have a density? If yes, can you compute it? (1 Pts)

Now, consider a two-dimensional random vector (X1, X2) such that X; ~ Exp();) for
parameters \; > 0, ¢ = 1,2. Under which conditions does the linear correlation between

Y] = exp(X1) and Y, = exp(X2) exist? (2 Pts)
d) Assume A\; = 3 and Ay = 4. What is the range of possible correlations between Y; and

Y5? (4 Pts)
Solution 3

a)

The pdf of X ~ Exp()) is given by fx(z) = Ae™** for > 0. Thus, the distribution
of X is given by

Fx(xz) = / e Mdy=1—e
0

for all z > 0 and Fx(z) =0 for all < 0. This in turn shows

Fy(y) = Plexp(X) < y] = Fx (log(y)) =1 -y~
for all y > 1 and Fy(y) =0 for all y < 1. A straight forward calculation shows
o0 A

oo )\
k|l _ kz ,—Az _ (k=X)z
E [Y } /\/0 ee dz e . -

k—A

for all £ € N such that £ < A and otherwise E [Yk] =00
Since the cdf Fy from a) is smooth on (1, 00) its pdf is given by

d A
fr(y) = CZY (y) = e

for all y > 1 and otherwise vanishes.

The linear correlation of X7, X» exists if X; € L?(P) and Var (X;) > 0 for i = 1,2.
Using b) we conclude that this is equivalent to min{A;, A2} > 2 as in this case the
second condition is automatically satisfied.

Since min{\j, Ao} = 3, exercise ¢) shows that the linear correlation is well-defined.
Hence, Hoeffding’s identity implies p € [pmin, Pmax] Whereas the the minimal, maximal
linear correlation is attained if Y7 and Y5 are coupled by the counter-monotonicity,
comonotonicity copula W(u,v) = (v +v — 1)4, M(u,v) = min{u,v}, respectively.
Hence, we have ppmin = p(Y1, Y2) and pmax = p(Y1,Y2) in the respective cases. To cal-
culate pmin, pPmax explicitly, we need E [Y1], E [Y3], Var (Y1), Var (Y2) and Cov (Y7, Y2).
Using the calculations from b), one easily obtains

3 4 3 2
E[Yl] == 5, E [Yé] == g, Var (Yl) == Z’ Var (Yz) == §



Finally, to compute Cov (Y7, Y2) we need E [Y1Y3]. If Y7, Y5 are coupled by the counter-
d
monotonicity, comonotonicity copula, respectively, we know (Y7, Y3) @ (qv, (U), gy, (1—
d
U)), (Y1,Y2) @ (qv; (U),qv,(U)) for some U ~ Unif(0,1) and gy;, qy, are quantile
functions of Y7, Y5. By inverting the distrubtion functions of Y7, Y5 we obtain

B () = (1= ) gy (o) = (1—0) /4

for all u, v € (0,1). Hence, we obtain
1
B [¥Y2] = E(h(¥1, ) = Elh(ay, () a1 = U)] = [ (1 =) sV da
0

and

1 12
IMHKJZEW&LEHZEM@m@UﬂnWW%=A(1—@*”“”®Mﬁ=5

where h: R? — R is given by h(x,y) = zy for all z,y € R. Recalling that the Beta
function is given by B(z,y) = fol t*=1(1 — t)y=ldy for all z,y > 0 and B(x,y) =
I'(x)I'(y)/T'(z +y) we can rewrite the first expression as

T(3/4)7(2/3) _

E[V1Ys] = B(3/4,2/3) = T < LT

Moreover, we have

Cov (}/1, YQ) =E [Y1Y2] —E [Yl] E [}/2] =E D/lYVg] -2
| B(3/4,2/3) — 2, if Y1, Yoare coupled by W,
B %, if Y7, Y5 are coupled by M,

(Beta function not necessary to get 1/2 point for Cov (Y7,Y2) in first case.) Using
p(Y1,Y2) = Cov (Y7,Y2) /+/Var (Y1) Var (Y2) we finally obtain

B(3/4,2/3) =2 _

\/6/36

2/5 2v/6
max — Y7Y = = —.
Pma; P( 1 2) 6/36 5

—-0.31

Pmin = p(Yl, YQ) =

and

Question 4 (10 Pts)

a) Let (X,Y) be a two-dimensional random vector with joint distribution function

1
F(x,y):w r>1LyeR, a>0.
Compute the marginal distributions and the copula of (X,Y). (5 Pts)



Let F': R — [0,1] be a cdf satisfying

lim (1 — F(z))eM =b

T—r 00
for constants A\,b > 0. Does F belong to the maximum domain of attraction of a
standard extreme value distribution H¢? If yes, determine the shape parameter £ and
a pair of normalizing sequences. (5 Pts)

Solution 4

a)

Taking the limits x — oo, y — 0o and noting % /(z*—1) = 1/(1—2~%) we immediately
see that the margins are given by

1
14+ev’

Fi(x) = lim F(z,y)=1—2"% and Fy(y) = :Clggo F(x,y) =

Yy—0o0

respectively. Since the margins Fy, F5 are continuous Sklar’s theorem ensures that the
copula C of (X,Y’) is unique and given by

C(u,v) = F(gx(u), gy (v))

for all u,v € (0,1), where gx, gy are arbitrary quantile functions of X, Y, respectively.
By inverting F}, F> we obtain

qx (u) = (1 i u>1/0¢’ gy (v) = log <1iv>

for all u,v € (0,1). Hence,

1 1
C(u,v) = Y= =17
Tk (/1<_u)j1 1 elog(v/(l—v) L4 11

for all u,v € (0,1).
First note that the condition lim, s e**(1 — F(z)) = b is equivalent to

1-F
lim (z)

=00 bhe~ AT =1
and therefore 1 — F(x) ~ be™** as x — co. Setting
cn =1/X d,, =log(bn)/\

we find

1-F n
llm Fn(cnl' —|— dn) — llm <1 _ (cnx + d”) be—A(Cnaz—x—dn))

n—00 n—00 be—Alenz+dn)

z+log(bn) n
| p (s

= Jm | 1= boxp (7 \ <:c-‘:o>g\;(bn))> n
= exp (—e*x)



for all x € R.From the second to the third line we have used that

n
lim (1+a—”) = 0
n

n—oo

for all sequences (an)nen C R such that a, — a as n — oo for some a € R and
1 — F(z) ~ be™** as & — oco. Thus, F is in the maximum domain of attraction of the
Gumbel distribution Hy.

Question 5 (8 Pts)

a) Name different stylized facts of typical daily equity log-return series. (4 Pts)
b) Discuss and compare different methods of generating loss distributions of financial

assets. (4 Pts)
Solution 5

a) The stylized facts of univariate daily equity log-return series are:

U1)
U2)
3)
U4)
)

)

d

Us

(
(
(
(
(
(U6

The series show little serial correlation;

Series of absolute or squared log-returns show profound serial correlation;
Conditional expected log-returns are close to zero;

Volatility (conditional standard deviation) varies over time;

Extreme returns appear in clusters;

The distribution is leptokurtic or heavy-tailed (power-like tail).

The stylized facts of multivariate daily equity log-return series are:

(M1)

Multivariate log-return series show little evidence of cross-correlation, except for
contemporaneous log-returns (i.e. at the same time t);

Multivariate series of absolute log-returns show profound cross-correlation;
Correlations between contemporaneous log-returns vary over time;

Extreme log-returns in one series often coincide with extreme log-returns in several
other series.

b) In the lecture we have seen three methods for generating loss distributions of a portfolio
of assets, namely:

- Analytical method: Model changes in risk factors Xy4+1 and risk mappings f in

such a way that the (conditional) loss distribution L;+; (or its linearized form
LtA_H) can be derived in closed form. As an example we have discussed during
the lecture the variance-covariance method for market risk in which one chooses
f differentable and a iid sequence X411 ~ Ng(p, X).

- Historical simulation: Approximate the loss distribution L;y1 by the edf Fy, (z) =

% Sy 1¢p, ;1 <z) where b_pni1,. .., ¢ are the last n realized losses.

- Monte Carlo simulation: Model L;1; and simulate from it. Use simulations

(1, ..., 0, to generate the simulated distribution function Fy (x) = % > 1gg,<a}-



The main advantage of the analytical method is its simplicity to implement it and the
associated speed of computation. Its main disadvantage is that it is fairly limiting
because the number of multivariate distributions X4 and risk factor mappings f for
which the loss distribution L;1; can be determined analytically is quite small

The main advantage of historical simulation is that makes no modelling assumptions
on the data and it does not require any estimation. The main disadvantage is that it
requires a lot of data for all risk factors and predictions are based on past data.

The main advantage of a Monte Carlo simulation is its flexibility and generality as
well as it does not need a lot of assumptions. In theory, any multivariate distribution
can be simulated. The main drawback is that for certain distributions, simulation in
high dimensions can be quite time-consuming and one needs a good model for the loss
distribution L;yq.



